In this paper, we investigate the stability problems for a functional equation
Introduction
In 2003, V. Radu [26] observed that many theorems concerning the stability problem of various functional equations follow from the fixed point alternative. Indeed, he applied the fixed point method to prove the stability of Cauchy functional equations, Jensen's functional equations, and quadratic functional equations (see [2, 3, 4, 5] ). After his work, many authors used the fixed point method to prove the stability of various functional equations [13, 14, 15, 16, 17, 18, 19, 20] .
Classically, the stability problem raised by S. M. Ulam [28] for group homomorphisms gave a following question concerning the stability of homomorphisms and has proved partially by D. H. Hyers [11] for the case of approximate additive mappings between Banach spaces. Hyers' result has generalized by T. Aoki [1] and Th. M. Rassias [27] for the additive functional equations and linear functional equations, respectively. Th. M. Rassias' result has generalized by P. Gȃvruta [10] . By regarding a large influence of Ulam, Hyers, Rassias, and Gȃvruta on the study of stability problems of functional equations, the stability phenomenon proved by Gȃvruta is called the generalized Hyers-Ulam stability. For the last thirty years many results concerning the stability of various functional equations have been obtained (see [6, 12, 24] ). In [8] , Drygas considered the functional equation
for all real numbers x, y, and the general solution of this functional equation was given by Ebanks, Kannappan and Sahoo [9] . A stability result for the Drygas functional equation (1) was derived by S.-M. Jung and P.K. Sahoo [21] and generalized by D.L. Yang [29] . In [25] [22] gave the stability results of equation (1) in Fuzzy spaces and in nonarchimedean spaces, respectively. In this paper we expand the stability of (1) to that of the following functional equation
for any fixed positive integers a. The functional equation (2) 
Preliminaries
Let X be a nonempty set. A function d : 
We remark that the only difference between the generalized metric and the usual metric is that the range of the former is permitted to include the infinity. We now introduce one of the fundamental results of the fixed point theory. For the proof, we refer to [7] . (ii) x * is the unique fixed point of
Hyers-Ulam-Rassias stability
Throughout this section, let V be a (real or complex) vector space and let Y be a Banach space and let a be a positive integer. For a given mapping f : V → Y , we use the following abbreviations
for all x, y ∈ V . Observe that a solution of Af = 0 is called an additive mapping and a solution of Qf = 0 is called a quadratic mapping. 
Proof (Necessity) We decompose f into the even part and the odd part by putting
for all x, y ∈ V , we conclude that g is a quadratic mapping and h is an additive mapping . (Sufficiency) If g is a quadratic mapping, then g(x) = g(−x) and
Proof By assumption we have D 1 f (x, 0) = 0 and if a = 1 then
In the following theorem, we prove the stability of the functional equation (2) by using the fixed point method. 
for all x, y ∈ V \{0}. If there exists a constant 0 < L < 1 such that ϕ has the property ϕ((a + 1)x, (a + 1)y) ≤ (a + 1)Lϕ(x, y)
for all x, y ∈ V \{0}, then there exists a unique mapping
for all x ∈ V \{0}. In particular, F is represented by
Proof. Let S be the set of all functions g : V → Y with g(0) = 0. We introduce a generalized metric on S by
It is not difficult to show that (S, d) is a complete generalized metric space (see [20] ). Now we consider the operator J : S → S defined by
for all x ∈ V . We can apply induction on n to prove
for all x ∈ V and all nonnegative integers n. Let g, h ∈ S and let K ∈ [0, ∞] be an arbitrary constant with d(g, h) ≤ K. By the definition of d and (4), we have
for any g, h ∈ S. That is, J is a strict contraction with the Lipschitz constant L. Moreover, by (3), we see that
Therefore, according to Theorem 2.1, the sequence {J n f } converges to the unique 'fixed point' F : V → Y of J in the set T = {g ∈ S | d(f, g) < ∞} and F is represented by (6) for all x ∈ V . Notice that F (0) = 0. By Theorem 2.1, we have
which implies the validity of (5).
By a somewhat tedious manipulation, it follows from (3), (4), and (6) that
for all x, y ∈ V \{0}.
We can prove the following corollary by a similar way presented in the proof of the preceding theorem. 
for all x ∈ V \{0}.
Proof. Notice that
for all x ∈ V (see the proof of Theorem 3.3). By a similar method used in the proof of Theorem 3.3, we can show that there exists a unique quadraticadditive function F : V → Y satisfying (7).
In the following theorem, we prove the Hyers-Ulam-Rassias stability of Eq. (2) under the condition (8) instead of (4). 
for all x, y ∈ V \{0}, then there exists a unique function
Proof. Let S and d be defined as in the proof of Theorem 3.3. Then (S, d) is a complete generalized metric space. We now consider the operator J : S → S defined by
for all g ∈ S and x ∈ V . Notice that 
for all x ∈ V \{0}. Thus, we get
for any g, h ∈ S. That is, J is a strict contraction with the Lipschitz constant L. Moreover, it follows from (3) and (8) that
Therefore, according to Theorem 2.1, the sequence {J n f } converges to the unique 'fixed point' F of J in the set T = {g ∈ S | d(f, g) < ∞} and F is represented by (10) . In view of Theorem 2.1, we have
so the inequality (9) is true.
Finally, in a similar way presented in the proof of Theorem 3.3, it follows from (3), (8) , and (10) that 
Proof. We can use the similar way as in the proof of Corollary 3.4 
